A Model Swinging-Counterweight Trebuchet with
no Sling

In the following, we consider a simplified model of a trebuchet with a swinging
counterweight. We first consider the model in which the projectile is affixed to
the end of the throw arm (no sling). The geometry is illustrated in Fig. 1. 6 is
the angle made by the throw arm with respect to the vertical, and ¢ is the angle
made by the counterweight with respect to the vertical. The distance between
the axle and the counterweight-end of the throw arm is a. a can be optimized
as a function of the three masses in the model [1]. Let d be the length of the
counterweight pendulum.

In terms of the distances and masses defined in Fig 1, we can write the total
kinetic energy of the trebuchet as the sum of three terms. The counterweight

contributes a kinetic energy T, = %mc [a292 + d?¢? + 2adb cos(f + gb)} The

projectile contributes a term 1}, = %mp(l—a)29'2, and the throw arm contributes
aterm T, = %Ia92 where I, is the moment of inertia of the throw arm.

Figure 1

The potential energies of the three objects in the model are given by U, =
meg [a(l + cos @) + d(1 — cos @)] for the counterweight, U, = m,g(l — a)(1 —
cos 0) for the projectile, and U, = mq,g(l/2 — a)(1 — cos @) for the throw arm.

The Lagrangian for this double pendulum system is then

L:%Aéz-i-%Bq.&z—&-Céq'ﬁcos(@—&—qﬁ)—Dc0s0+Ec0s¢ (1)

where we have defined the following constants:A = mca® + I, + my(l — a)?,

B =m.d?, C = mcad, D = g[mea —my(l/2 — a) — mp(l — a)], and E = m.gd.
The equations of motion which obtain from Eq. (1) are

Al + Chcos(d + ¢) — Cd*sin(@ + ¢) — Dsing = 0 (2)
B + Chcos(0 + ¢) — CH?sin(0 + ¢) + Esing = 0 (3)



Approximate Solutions to the Equations of Mo-
tion

It is of course possible to find numerical solutions to the coupled equations of
motions (2,3), but it is interesting to note that analytic solutions exist under
a very reasonable approximation scheme. Consider the initial condition ¢(¢t =
0) = 0; so that the counterweight is initially hanging vertically. In practice,
with this initial condition, the angular displacement ¢ of the counterweight is
very small during the rotation of the throw arm prior to release of the projectile.
With this in mind, let’s take ¢ ~ ¢ ~ 0. In this limit, we find that the equations
of motion (2,3) become

Af + Cdcosf — Dsinfd = 0
B+ Chcosh — Ch*sinf = 0
which can be combined to yield
f(6)6 + 9(8)6° —h(8) =0 (4)

where we have defined f(0) =1 — % cos?0, g(0) = g—z sinf cos 6, and h(f) =
% sin §. Making the variable substitutions § — = and 6 — y yields a Bernoulli
equation in x

(5)

where §(z) = g(z)/f(z) and h(x) = h(z)/f(z). Eq. (5) can be solved by means

of integrating factors, and we find
’ }
- D/A i
i /D/ / tsin tdt (6)
0 1—ecos?t

which is the desired solution. For reasonable values of the masses and lengths,
the integrand can be expanded in the small parameter

mea®

1.
mea? + I, + mp(l — a)? <<

e=C?*/AB =

The zeroth order approximation is then

6~ \/D/A <Sigg - cosO) (7)

Eq. (7) effectively represents the case in which the the (maximum) moment of
inertia of the counterweight about the axle is negligible in comparison to the
moments of inertia of the throw arm and projectile about the same axis. Eq.
(7) is plotted in Fig. 2.




0.5 1 1.5 2 2.5 3

Figure 2

Finally, the optimal release angle fr can be obtained by maximizing 0(9)
The resulting transcendental equation for the release angle 6 is

fr  tsintdt  , sinfg
1—ecos2t & 1 —ecos20p

(8)

In the approximation € = 0, we find fr ~ 157°. It is important to note that this
is the angle which optimizes the angular release velcocity, and not the range of
the projectile.

Treb with a Projectile Sling

Now consider a more realistic treb configuration in which the projectile is held
in a sling of length w. The sling is taken to be rigid, and makes an angle ¥
with respect to the vertical (Fig. 3). The Lagrangian is complicated by the
additional coupling of the sling motion to the throw arm’s motion.

1 ., 1 . | .. ..
L= §A92+§B¢2+§G¢2+00¢ cos(0+¢)+HEy cos(0—1p)—D cos 0+ E cos ¢p+F cos .

(9)

The additional constants in Eq. (9) are:

F = mygw
G = myw?
H = myw(l—a).



Figure 3

The resulting equations of motion constitute three coupled differential equa-
tions for the coordinates 6, ¢, and .

Af + Chcos(8 + ¢) + Hip cos(8 — 1) — C? sin(6 + ¢)
+Hy?sin(fp) — Dsing = 0  (10)
B¢+ Chcos( + ¢) — C%sin(0 + ¢) + Esing = 0  (11)
G4 + H cos(6 — ) — HO%sin(6 — ) + Fsingy = 0 (12)

Unfortunately, there is no physically reasonable approximtion scheme to decou-
ple the motion in 9 and 6. Equations (10,11,12) must be solved numerically for
a given set of masses and lengths.

We can, however, still make use of the initial condition on the counterweight,
¢(t = 0) = 0 and its consequence: ¢ ~ ¢ ~ 0 to obtain the approximate
equations of motion

Ab + Ccos(0) + Ccos 6 + Hy) cos(0 — 1)

+Hy?sin(@ — ) — Dsind = 0 (13)
B+ Chcosf — CO*sinfd = 0 (14)
G + Hb cos(0 — ) — HO? sin(0 — o) + Fsingp = 0 (15)

Neglecting terms of order C?/AB << 1 and H/A << 1, Eqns(13,14,15) can be
recast in the simpler set

é—%sin@ =0 (16)
G + Hb cos(0 — ) — HO?sin(0 — o) + Fsingp = 0 (17)

which can be more efficiently handled by numerical integration techniques.



